Notations
2X Power Set of X
A —B or A\B {x|xeA,x ¢ B}
AILlB Disjoint Union of A and B

Basic Point-Set Topology

Definition of Topological Space

set X with a collection O of subsets of X, such that

e Both @ and X are in O

e The union of any number of sets in O is in O

o The intersection of finite number of sets in O is in O
Any O € O is called open and X — O is closed.

For closed sets Ay, U Ai and () Aj are closed
ie$s

Different Topologies of X

Trivial Topology O ={&, X}

Finite Complement Topology O = {0 | O°¢ is finite} U &
Euclidean(Usual) Topology

X=R", O ={0]O0 is union of open n-balls} U &

Discrete Topology O = 2%

Interior, Closure and Boundary

Interior int (A) = {x | open set Oy,s.t.x € O, C A}
Exterior ext (A) ={x | Jopen set Oy,s.t.x € O, C X — A}

Boundary 0A ={x | V Ox 3%, O0x NA # &, 0, N (X=A) # &}
Closure A = int (A) II A

ext (A) =int (X —A),int (A) = ext (X —A)

X = int (A) 1 0A IT ext (A)

AUB=AUB int(ANB)=int(A)Nint(B)

Basis for a topology

B where VO € 0,0 = |J Bx
BreB
X=UB
BEB

VBi,Bs € B and x € By N By, ( = D 18 a basis

dB3 € B,s.t.x € B3 C B1 N B,

Metric Spaces

Metric d : X x X — R such that

e d(x,y) > 0, and equality holds only if x = x
« d(x,y) =d(y,x)

« d(xy) < dlx,z) +d(zy)

1
p-norm for x,y € R™, d(x,y) = <Z|al—blp) p>1)
Metric Space topology on X whose basis is a collection of
all open balls B.(x) ={b| d(b,x) < r} with r > 0,x € X

All p-norm are equivalent = introduce the same topology

Subspaces

A C Xthen Oa ={0ONA | O € Ox} is a subspace topology
For open set A C X, B open in subspace A & B open in X
For closed set A C X, B closed in A & B closed in X

Continuity

f: X — Y is continuous if VO € Oy, f~1(0) € Ox
f:X =Y conti. & f: X — f(X) conti.

f:X = Yconti., g:Y — Z conti. = gf: X — Z conti.
f:X—Yconti.,, ACX = f|a: A — Y conti.

Homeomorphisms

A continuous bijective map f: X — Y with conti. inverse

Product Spaces

Product Topology of XxY has basis {UxV | Ue Ox, Ve Oy}

Connectedness

Connected

X = union of two disjoint nonempty open sets
& X # union of two disjoint nonempty closed sets
& the only open and closed sets in X are @ and X
An interval [a,b] in R is connected
A connected = A connected

{C4} connected, mutually intersects = |J C, connected
04

Path-connected

Va,b e X,Jconti.f:[0,1] = X;s.t.f(0) = a,f(1) =D
Path-connected = connected

Suppose f: X — Y is conti. and onto, then

e X connected = Y connected

¢ X path-connected = Y path-connected



Compactness

Compact

X is compact if every open cover of X has a finite subcover
An interval [a,b] in R is compact

X is compact = subset of X is compact

X,Y are compact = X X Y is compact

X C R is compact & X is closed and bounded

Suppose f: X — Y is conti. and onto, then

e X compact = Y compact

Hausdorff

V different x,y € X, 3 disjoint open sets U > x,V 5y
X is hausdorff, A C X is compact = A is closed
Properties of hausdorff spaces

e In a hausdorff space, points are closed sets

o A subspace of a hausdorff space is hausdorff

e Product space of two hausdorff spaces are hausdorff

Normal

V disjoint closed A,B C X, 3 disjoint open U D A,V D B

X is compact and hausdorff = X is normal



